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1. INTRODUCTION AND PRELIMINARIES

In 1922, S. Banach [1] introduced the concept of
Banach contraction principle. It is most celebrated
fixed point result in nonlinear analysis. Afterward
many investigators established some important
fixed point results see ([5]-[10]). Recently,
Bhaskar and Lakshmikantham [2], Ran and
Reurings [3], Agarwal et al. [4] established some
new theorems for contractions in partially ordered
metric spaces. The concept of mixed monotone
mapping has been introduced by Bhaskar and
Lakshmikantham [2] and established some coupled
fixed point results for mixed monotone mappings.
Subsequently to improve many authors have
established coupled fixed point results for mixed
monotone see ([11] - [15]). Very recently, in 2016
Mutlu and Girdal [16] introduced the notion of
bipolar metric spaces, which is one of
generalizations  metric  spaces. Also they
investigated some fixed point and coupled fixed
point results on this space, see ([15], [16]).
In this paper, we will continue to study coupled
fixed points in the frame of bipolar metric spaces.
More squarely, we extend the results of Gnana
Bhaskar and Lakshmikantham ([2]) for a mixed
monotone contractive mappings. We establish the
existence of a € A U B, for a continuous mapping
F: (A; B) 3 (A; B) such that F (a) = a where (A; B)
is a partially ordered set with a bipolar metric on it.
In the case that F is not continuous, we prove the
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existence of a coupled fixed point results by
making an additional assumption on (A; B).

Definition 1.1 ([16]): Let A, B be two non-empty
sets. Suppose that d: AxB —[0,0) be a mapping
satisfying the below properties:

(i) Ifd(a, b)=0,thena=bforall (a, b) €

AXB,
(ii) Ifa=b,thend (a, b) =0, forall (a, b) €

AXB,
(iii) 1fd (a, b) =d (b, a), foralla, b € ANB
(iv) Ifd(ay, by) < d(ay, by) +d(a,  by)

+d(a,, b,) for all a,, a, €A,

and by, b, €B. Then the mapping d is termed as
Bipolar-metric of the pair (A, B) and the triple
(A, B, d) is termed as Bipolar-metric space.

Example 1.2 ([16]): Let A= (1, o) and B=[-1, 1].
Define d: AXB —[0,0) as d (a, b) =|a? -b? |, for all
(@, b) € AxB. Then the triple (A, B, d) is a
Bipolar-metric space.

Definition 1.3 ([16]): Assume (A; ,B, ) and
(A5, B,) as two pairs of sets and a function as F:
A, UB, 3 A, UB, is said to be a covariant map.
If F (A;)<€ A, and F (B,)< B,, and denote this with
F: (A1, B:i) =2 (4,, B,,). And the mapping
F: A, UB; 2 A, U B, is said to be a contravariant
map. If F (4;) € B,, and F (B,)S A,, and write
F: (4,, By) 2 (4;, By). In particular, if d; and d,
are bipolar metric on (A4,, B;) and (4,, B, ),
respectively, we sometimes use the notation
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2 (A21 BZ’ dZ)

Definition 1.4 ([16]): Assume (A, B, d) as a bipolar
metric space. A point v €A UB is termed as a left
point if v € A, a right point if v € B and a central
point if both. Similarly, a sequence {a,} on the set
A and a sequence {b,,} on the set B are called a left
sequence and right sequence respectively. In a
bipolar metric space, sequence is the simple term
for a left or right sequence. A sequence {v,} is
considered convergent to a point v, if and only if
{v,} is the left sequence, v is the right point and
lim,,_,, d(v,,v) =0; or {v,} is a right sequence,
v is a left pointand  lim,_. d(v,v,) =0. A bi-
sequence ({a,}, {b,}) on (A B, d)is a
sequence on the set A xB. If the sequence {a,}
and {b,} are convergent, then the bi-sequence
({a,}, {b,}) is said to be convergent. ({a,}, {b,})
is Cauchy sequence, if lim,_ d(a,, b,) =0.Ina
bipolar metric space, every convergent Cauchy bi-
sequence is bi-convergent. A bipolar metric space
is called complete, if every Cauchy bisequence is
convergent hence biconvergent.
Definition 1.5 ([16]): Let (A,, B;,d; ) and
(A,, By, d,) be bipolar metric spaces.

(i) AmapF: (4,, By,d;) 3 (4,, B,, d,) is called

left-continuous at a point a, € 4,, if for every
€>0, there is a >0 such that d,(a,, b)<é

implies that d,(F(a,), F(b))< € for all be B;.

(i) AmapF: (4, B;,d;) 3 (4,, By, d,) is called
right-continuous at a point b, € B,, if for every
€>0, there is a §>0 such that d,(a, by)< & implies
d,(F(a), F( by))<eforallae A;.

(iif) A map F is considered continuous, if it left
continuous at each point a € A; and righty
continuous at each point be B;.

(iv) A contravariant map F: (4,, B;,d; ) 2
(A, , B, , dy) is continuous if and only if
F: (A, By,d;) 3 (4,, By, dy) itis continuous as a
covariant map

It is observed from the definition (1.4) that a
contravariant or a covariant map F from
(A, By,dy) to (A4,, B,,d,) is continuous if and
only if (u,)— v on (A;, B;d, ) implies
F((un)) =F(v) on (4, B,, dy).
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Definition 1.6: Let (A; B; <) be a partial ordered

set and F: (A; B) = (A; B) be a covariant mapping,
we say that F is non-decreasing with respect to <
if a, be AUB, a <b implies F (a) < F (b), and
similarly, a non-increasing mapping is defined.

Definition 1.7: Let (A; B; <) be a partially
ordered set and F: ( A? ; B2) 3 (A, B)
be a covariant map. The map F has the mixed
monotone property, if F(a; b) is
monotone non-decreasing in a and is monotone
non-increasing in b, that is, for any
(a;h)e A% U B?,

(a;, a,) €A%, a;<a, = F(a;;b)<F(ay;b).
(b, b,) €B2b,<b,=F (a, b)) =F(a by).

Definition 1.8. Let F: (A%;B?) =3 (A; B) be a
covariant map, an element (a; b) € A2UB? is
called coupled fixed point of F if F (a; b) = a; and
F(;a)=b

2. MAIN RESULTS

Let (A; B; <) be a partially ordered set and d be a
bipolar metric on (A; B) such that (A; B; d, <) is
complete bipolar metric space. Moreover, we
endow the product space (A% ;B?) with the
following partial order: For (a; b), (p; q)€ A? U B2
(P, @ =< (@& b < azp; bq
We begin with the following theorem that achieves
the existence of a fixed point results for a mapping

F on the product space (A%; B2).

Theorem 2.1: Let F: (A%;B%?) 3 (A; B) be a
covariant map. If F is a continuous mapping having
the mixed monotone property on (A; B) and p, A
be a non —negative constants with the condition
d (F (I; m); F(r; s)) <pd (I; r) +A d (m; s) for all
L meAandr, seB withl >, m <s; (1)
and 4 + A < 1. If there is (I, ; my) € A2 U B2such
that I, < F (lp; my), my > (mg,ly ).
Then there exist (I; m) € A% U B? such that the
mapping F: A?uUB? - A U B has
F(;m)y=landF(m;l)=m

Proof: Letl,; my € A and r,; s, € B, choose an
elements [,; m; € A and r;;s; €B,such that
L= F (lo; mg) = 1y; my =F (mg, 1) =my;

And also ry<F ( 14:50) =11,  So=F (So, 79) = 51,
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Similarly, we take
F(ly;m) =1, F (my,ly) =m,; and also
F( r581) =12 F (sy, 11;) = s,: Denote

F2( 1y, mo)=F(F(lo, myo) , F(my, L))
=F( 1, my)=l

F2(mo, l)=F(F(mo, Ly ) , F(lo, mo))
=F (my, l)=m,

F?( 1y, 50)=F(F(ry, 50 ) . F(S0, 70))
=F (1y, s1)=13

F?( 5o, 19)=F(F(so,70) . F(ro, o))
=F (53, 11)=5,

In this process, we get a bi-sequences
(F*(ly, mo), F™"(myg, 1o))= (I, my) and

(F™( 719, S0), F™( 50, 10))= (1, 5,) With
Lns1=F" (Lo, mo)
=F (F"(ly, mp), F*(myg, lp))=F(ln, my)
My =F (Mg, 1)
=F (F"(my, lo), F*(lo, mg))=F(my, 1)
Te1=F" (75, So)
=F (F"(1o, So), F"( S0, 70))=F(71, 5n)
Sne1=F™* (50, 7o)
=F (F™(so, 10), F™( 10, 50))=F(sp, 1) VN EN
Obviously, verify that

loSF(lo, mo):llst(lo, mo):lzs ....... S
F™ (1, mo)<.......

mo=F (mg, ly) =my 2 F?(my, L) =my >
....... > F"(my, )= ......

70 <F(ry, So) =11 < F¥(19, S9)= 1, <....... <
F'"™ (1, so)<.......

So=F (s, 7o) =51 = F%(59, Ty) =53 = ... >
F"(sg, 19)=0 oot ..

Now, Show that, for ne N and let u + 1 =¢
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d (F"(ly, mo), F™*(ry, s0))
+d(F™(my, ly), F**(sg, 1p))<
&n [d (lo‘ F( ro‘so)) +d (mo, F( So,’”o))]
)

Indeed, for n=1, using F (I, mg ) =1,
F (mgly )<my and F (1 S ) =1y
F (so, 70 )< S

d (F (o, mo), F(ry, S0))
=d (F (o, mo),F(F(ro, 50), F(s0, 70))

< udly, F(ro, so))+Ad (mg, F(so, 15))
3)

and
d (F (my, o), F2(501 7o)
=d (F (my, Lo),F(F(so, 70), F(ro, So))

< nd(mo, F(so, ro))tAd (Lo, F(ro, So))
4)

Combing (3) and (4) we have
d (F (o, mo), F2(r5, S0))

+d (F (myg, ly), F?(so, 7p))

<( +X)[ d(lo, F(ro,so))
=W d mo, Fiso, o))
d(lo: F(ro'so))

=5 [+ d (Mo, F(so70))

And also show that
d (Fn+1(l0, mo), Fn(rOV SO))
+ d(Fn+1(m0, lo), Fn(SOl TO))

d(F (lo,mo), TO)

< v deF oy, lo),so)] ®)

Indeed, for n=1, using F (I, mg ) =1,
F (mg Ly )Smy and F (1y 50 ) =17
F(so, 70 )< 5o

d (F?(ly, mo), F(ro, So))

=d (F(F (lo, mg), F (mo, Iy ), F(ro, S0 ))
< pd(F (ly, mp), 1o)thd (F(mo, L)), o)

(6)
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d(F?(my, Lo), F(so, 1))

= d(F(F (mo, L), F (Lo, mg), ) F(so, 1))
< pd (F (my, ly), so)trd(F (o, mg), 7o)
()

Combining (6) and (7)
d (F(ly, my), F(ry, So))
+ d(F? (mg, Ly ), F( sy, 1))

d (F (Lo, mo), 75)

<( () +d (F (my, lo), So)

d (F (I5,my), 15)
=6 +d(F (:no,(ljo), (;0)

Assume that (2) and (5) hold. Using

F™1 (1, , mg ) =2F* (1, , myg )
F™1 (m, Iy ) <F*(my, l,) and
F™ (1o, So)= F™(ro, So),

F™"(so, 1)< F™(so, 7).
Moreover,
d(F"(lo, mo), F™(ro, So))
=d(F(F*(ly, mg), F™* (Mo, L)),
F(F" (1o, So), F"" (50, 7o)
<p d(F""*(lo, mo), F""*(ro, So))
A A(F™ (my, 1), F**(s0, 79))
(@)
and
d(F™(mo, L), F™(s0, 70))
=d(F(F" " (mg, L), F*™ (L, mp)),
F(F™" (s, 1), F™ (10, So))
<p d(F™ 1 (my, Ly), F" (o, 7o)
A d(F™ (ly, mg), F* (1, o))
)
For all neN Combining (8) and (9), then
d(F™(ly, mo), F™ (10, So))

+d(F™"(my, ly), F™(so, 70))
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<

() d(F™* (Lo, mo), F"* (70, 50))

+ d(F™ 1 (my, L), F*" (50, 75))

- f[ d(F™1 (Lo, mo), F™ (74, 50)) ]
T+ dEFE™E (mg, L), F™ (S0, 7o)

- 5[ d(F(lo,me), F(ro,s0)) ]
- + d(F(mo; lo); F(So, rO))

< f[ d(F (o, mp), 75)
I dFEm, L), So)
Using the property (B,), we get that

(10)

d(F™(ly, mg), F™ (1, So))
< d(F™(ly, m),F™* (15, 50) )
+d (F™*(ly, mg), F™ (o, So))
PR + d(F™ (1, mg), F™ (1o, So))

and

d(F™(my, L), F™ (o, 7))

< d(F™(my, lo),F™(s0,70))

+d(F™ 1 (mg, L), F™**(so, 79))

Feeeeienns + d(Fm'l(mO, lo), Fm(SOl rO))
11)

Also, we have

d(F™(ly, mg), F™(r5, So))

< d(F™(ly, mg),F™ (15, 50))

+d(F™Y(ly, mg), F™ (1o, So))

Frerrennns +d(F™"1(ly, mg), F™(ry, So))

and

d(F™my, ly), F™ (S0, 70))

< d(F™(mg, Lo), F™ (0, 7o)
+d(F™ Y (my, Ly), F™ (s, 1))

I + d(F™(myg, Ly), F™(so, 1))
(12)

COUPLED FIXED POINT THEOREMS IN PARTIALLY ORDERED BIPOLAR METRIC SPACES 4



International Journal of Innovative Research and Practices

For each n, m € N, n<m. From (2), (5), (10), (11)
and (12), then we get

d(F"(lo, mo), F™(ro, 50))
+d(F™(mg, L), F™(s0. 70))
< d(F™(ly, mo),F™ (50, 79))
+ d(F™(my, lo), F"**(s¢, 7))

+d(F™(ly, mo), F"**(s0,70))
+d(F™" Y (my, ly), F™(sg, 1p)) +eeeeeeeer
+ d(F™ (Lo, mg), F™ (S0, 7))
+d(F™H(mo, L), F™ (S0, 7))
< (§n+§n+1 orereenns +§m—1)
(d(ly , F (10, 50)) +d(mg, F™ (s, 7))

& d(lo ,F (15, so))
=% | 4d(mg F(som))] D

And
d(F™(lo, mo), F™ (7o, So))
+d(F™(my, ly), F™(sg, 19))
< d(F™(lg, mg), F™ 1 (S0,70))
+d(F™(my, ly), F™ (g, 75))
+d(F™ Y(ly, mg), F™ (50, 79))
+d(F™ Y(my, lo), F™ (sg, 10))
Fereene + d(F™1(ly, my), F™(r, So))
+d(F™(my, ly), F(so, To))
< (EMHEMT s +&m)
[d(F (Lo, mo), 7o) + d(F (Mo, o), So)]

< " d(F(l()lmO)l rO)

<%+ d(Fmo, 1), 50) (14)

For n< m. Since, for an arbitrarye > 0, there exists
& oE
ng such thatl_g <3

From (13) and (14) , we get
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[d(F"(ly, mg), F™ (75, S0))
+ d(F™(my, lo), F™ (S0, 7)) ]
<3

Forn, m = n,. Then
({Fn(IOI mO)}v {Fm(r(), 50)}) and

{F™(myg, Ly)}, {F™ (s, 15)}) are Cauchy bi-
sequence in (A, B). Since (A, B, d) is a complete
bipolar metric spaces, there exists I, me A and
r, S€EB such that

lim F™(ly, my) =1, lim, e F™(my, ly) =5,
n—-oo
and lim,,_,o, F™*(sg, 79) = M, lim,,_,,, F™ (15, So) = I,

(15)

First we show that F (I, m) =r, F (m, I)= s and
F(r, s)=I, F(s, r)=m.

Lete > 0. Since F is continuous at (I, m), for
giveng > 0, there exist § > 0 such that

d(l, r) +d(m, s) < & implies that
d(F(l, m), F(r,s)) <%

Since {F"(lg,my)} > 1, {F"(myly)} > s and
{F"(r0,50)} = L {F"(50,10)} > m,

For »= min {g, g}, then there exists n, €N with
d(F™(ly, mg), 1) <m, d(F™(mg, ly),s) <n, and
d(F™(19,50), ) <M, d(F™(s0,70),m) <7

for all n >=n; and every n >0 , since
{F" (Lo, mo)}, {F™ (10, 50)}) and
{F™(my, 1)}, {F"(so,19)}) are Cauchy sequences.
We get

d( F"(lo,mo), F*(ro,s0) ) <m and
d(F"™*(mg, 1), F™(s0,10)) <M.

So from (iv) in definition 1.1, we get
d(F(I, m), r)< d( F(l, m), F"*(ry, so))
+d(F™1(ly, my), F™*1(ry, So))
+d (F™*1(ly, my), 1)

<d( F(l, m), F(F™(ry, So), F*(S0,75))
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+d(F(F™(ly, mp), F"(my, ly)),

F(F™(10,50), F™ (S0, 70) ))

+d(F™ 1 (Lo, mo), T)
< §+ nn<e

For each neN. This implies d(F(I, m), r )=0. Hence
F(l, m)=r . Similarly, we can prove that F (m, )= s
and F(r, s)=I, F(s, r)=m. On the other hand,

d(l, r) = d(lim,,_,e0 F™*(ly, mg) , limy,_,e F™ (1, Sg) )
= lim d(F™(ly, mg), F™(19,5) ) =0

and

d(m, S) =
d(im,,_,o F™*(mg, ly) , lim, e F™(S0,75) )

= limd(F™(m, ly), F™(so, 1) ) =0.
n—-oo
Therefore, I=r and m=s and hence
F(I', m)=l and F(m, )= m.

The achieved Theorem is still valid for the
covariant map F is not necessarily continuous.
Instead, we require that underlying bipolar metric
space (A, B) has an additional postulate. We
discuss this in the following result.

Theorem 2.2. Let (A, B, <) be a partially ordered
set and suppose that (A, B,d, <) is complete bipolar
metric spaces on (A, B) such that (A, B) has the
following postulate:

(i) If a non-decreasing sequence
(L.}, {m,})~lthen (I,,, m,)<I ¥vn
(ii) If a non-decreasing sequence
{m,.}, {l,})»mthenm < (m,, [,) vn

Let F: (A%;B%) 3 (A; B) be a covariant mapping
having the mixed monotone property on (A, B) and
u, A be a non -negative constants with the
condition

dF L;m); F(;s)<ud(;r)+Ad(m;s) forall
LbmeAandr, seB withl>r1, m<s; (16)
and p + A < 1. If there is (I, ; m,y) € A% U B2such
that

lo < F (1o, mg), my = F( mg,ly ).
Then there exist (I; m) € A% U B2 such that the
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mapping F: A’UB? - A U B has
F(;my=l;and F (m; 1) =m.

Proof: Following the proof of previous Theorem
2.1, we only have to prove that

F(I, m= 1| and F(r, s)= r, let e>0 .
Since  {F'(lo,my)}—->r , {F"(myl)}—s
and {F™(ry,s0)} = L, {F™(sq,15)} = m, then there
exists n; € N such that for all n >n, and
every € > 0, we have

d (F"(lo,mo),7) < 3, d(F™(my, L), 5) < 3, and
d(Fn(rO' So), l) < 27 d(Fn(SO!TO)!m) < §

For all n >n, and every e>0 , since
{F™(ly, m)}, {F™(r0,50)}) and

{F™(my, 1)}, {F"(so,19)}) are Cauchy sequences.
We get

d(F™ (Lo, mo), F™(r5,50)) <5

and d(F™(my, L), F™(s0,70)) <7

Taking n, €N with for all n> n, and using

F* (lg, mg ) <r1, F*( s9, 79 ) =m and
F™" (1, so) <1, F™1(my, ly)=s.

We obtain
d( F(l, m), < d(F(l, m), F**( 7, so))
+d(F™1( 1y, mg), F™ (1o, So))
+d (F™1( Ly, my),r)
< d(F(l, m), F(F™(1y, So), F™( Sq, 1p))
+d(F™"1( 1y, myg), F*1( 1y, S0))
+d (F™1( Ly, my),r)
< wpd(l F*( 1y, So))tAd(m, F*(sq, 1))
+d(F™1( 1y, my), F"" (1o, so))
+d (F™1( Ly, my),r)
< Hg”v g + g +§ < (uth) §+2§ <t §+2§ <e
This implies that d( F(I, m), r)=0, hence

F(l, m)= r. Similarly, we obtain F(m, I) =s,
F(r, s) =l and F('s, r)=m. On the other hand,
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d(l, r) = d(lim,,_,e0 F™*(ly, mg) , limy,_,e F™ (1, Sg) )
= lim d(F™(ly, mo), F™ (10, 50) ) =0

and

d(m, S) =
d(im,,_,, F™"(mg, ly) , lim, o F™*(50,75) )

= lim d(F™(my, ly), F"(so,7,) ) =0.
n—oo

Therefore, I= r and m=s and hence F(l , m)=I and
F(m, )=m.

Further, we show that the coupled fixed point is
unique, in fact to provided that the space (A%;B?)
endowed with the partial order having the every
pair of elements has either a lower bound or an
upper bound. That is for every (I, m), (I*, m*)
€ A% U B2, there is an element (p, q) € A2 U B2
such that it is comparable to (I, m) and (I*, m™)

(17
Theorem 2.3: Adding condition (17) to the

hypothesis of Theorem 2.2, then the mapping F:
A% UB? — A UB has unique coupled fixed point.

Proof: Let (I*, m*) € A% U B2 be a another fixed
point of F. Then we prove that

d(l, I*) + d(m, m*) =0, where
lim,,_,, F™*(ly, mp) =l and lim,,_,,, F™*(my, L,) =m.

If (I*, m*) € A? and (I, m) is comparable to (I*, m*)
with respect to the partial ordering in (A%;B2), then
for every neN we have (F™(l, m), F*(m, I)) = (I, m)
is comparable to (F*(l*, m*), F*(m*,[*)).

Now d(I*, 1) = d (F™(I*, m*), F"(l, m))

_d<F(Fn_1(l*, m*)’ Fn—l(m*' l*)),>
T\ F(F™'(,m), F*(m,1)

<pd(F™1(1*, m*), F*=1(1, m)
d(Fm1(me, 1), Fri(m, 1) (18)
And
d(m®, m) =d (F*(m", 1), F"(m, 1))

:d<F(Fn—1(m*’ l*), Fn_l(l*,m*),)
F(F"1(m,1),F* (1, m))
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<pd(F*t(m*, 1), F*~Y(m, 1))
FA(F (1, m), F*(1, m)) (19)
For all neN, combining (18) and (19)
d(*, 1) + d(m*, m)
< (WAE™H, m), FrH(1,m)))

+(uth) (d(F" 1 (m*, 1), F*1(m, 1))
<&[ d(F™=1(l*, m*), F"'(1,m)) ]
TClHdFT I, 1Y), F N (m, )

< En( d(F(*, m*),F(, m)) >
=7 \+d(F(m", 1), F(m,1))

< & dasD + dim*,m))
Since & <1 which implies
d(l*,1) + d(m*, m)=0. Hence we obtain I={" and
m=m~.

Similarly, if If (I*, m*) €B2 and (I, m) is
comparable to (I*, m*) with respect to the partial
ordering in (A%;B2), then we have I=[* and m=m*.

If (I*, m*) € A% and (I, m) is not comparable to
(I*, m*) then there exist two comparable lower or
upper bounds (a, b), (a*, b*) € A2 U B2 of (I, m)
and (I*,m"). Then for all neN,

(F*(a,b),F"(b,a)) = (a, b) and
(F*(a*,b") ,F™(b*,a") )= (a*, b™) is comparable
to F*(,m),F*"(m,)) = (I, m) and

(Fr(l",m") ,F™(m",1") )= (", m")

Now d(l*, 1) = d (F*(I*, m"), F™(l, m))
< d (F*(l*,m"), F*(a, b))
+d (F™(a*, b*), F™(a, b))

+d(F™(a”, b*), F™(l, m))

<p|+d (F*1(a",b"), F*"(a, b))

d (Fn_l(l*,m*), Fn—l(a’ b)) ]
+d(F™*'(a*, b"), F*~ (1, m))

M +d (F*1(b*, a), F*1(b,a))

d (F*'(m", 1), F""'(b, a)) ]
+d(F" 1 (b*, @), F* " (m, 1))
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(20)
And
d(m*, m) =d (F*(m*,1*), F*(m, I))
<d (F*(m",I*), F"(b,a))
+d (F™(b",a"), F*(b, a))
+d(F™(b*, a*), F*(m, I)

d (F* (", m"),F" '(a, b))
<A [+d (F**(a",b*), F"*(a,b))
+d(F*'(a*, b*), F* (1, m))

d (F*~1(m*, 1), F""'(b, @)
+u|+d (F*1(b*,a"), F*1(b,a))
+d(F"(b*,a), F* *(m,1))

(21)
For all neN combining (20) and (21), we get
d(, 1)+ d(m*, m)

d (F"=1(l", m"),F"'(a, b))
< (W) |+d (F*(a", b*), F""(a, b))
+d(F*~*(a*, b*), F*~*(1, m))

d (Fn_l(m*, l*), Fn_l(b,a))
+ (D) [+d (F1(b*,a"), F""1(b,a))
+d(F"*(b*,a), F"*(m,1))

d (F*=1(l", m"),F*'(a, b))
+d (F*Y(a*,b*), F" Y(a, b))
+d(F™'(a",b*), F"1(1,m))
d (F*1(m*,1"),F""(b,a))
+ [+d (F*(b*,a"), F*" (b, a))
+d(F* 1(b*, a), F**(m,]))

([ d (F(*,m*),F(a,b))
+d (F(a*, b*),F(a, b))
+d(F(a’,b"),F(l, m))

d(F(m",1"),F(b,a))
+ |+d (F(b*, a*),F(b, a))
+d(F(b*, a), F(m,1))
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d(l*,a) +d(a*,a)
<& +d(a’, ) +d(m", b)
+d(b*,b) +d(b*,m)

—0asn— o

So that d(I*, I) + d(m*, m)=0 implies [*=I and
m*= m. Similarly, if (I*, m*) € B%and (I, m) is
incomparable to (I*, m*) with respect to the partial
ordering in (A%;B?), then we have I=I* and m=m".
Hence (I, m) is unique coupled fixed point of F.

If we take equal constants p and A in Theorem 2.1,
then following corollary is obtained.

Corollary 1: Let F: (A%?;B%) 3 (A; B) be a
covariant map. If F is a continuous mapping having
the mixed monotone property on (A; B) and
[V [0, 1) with the condition
dFE@GM;F(rs) <@ +dms))
forall;meAandr;seB withl>r; m<s (22)
If there exist (1, ; my) € A?2UB?such that

lo = F (lg; mg), my = F(mg,ly ).
Then there exist (I; m) € A2 U B2 such that the
mapping F: A’UB? - A U B has

F@;m)y=1I;and F (m; 1) =m.

Corollary 2: Corollary 1 satisfy to the hypothesis
of Theorem 2.1, Theorem 2.2 and Theorem 2.3.
Then F: A2UB? — A UB has a unique coupled
fixed point.

Definition 2.4: Let

F: (AX B; Bx A) =3 (A; B) be a covariant map, an
element (a; p) € Ax B is called coupled fixed point
of Fif F (a; p) = a; and F (p; a) = p.

Theorem 2.5: Let

F: (Ax B; Bx A) 3 (A, B) be a covariant map. If F
is a continuous mapping having the mixed
monotone property on (A, B) and p, A be a non —
negative  constants  with  the  condition
d(F (I;r); F(s; m)) < ud (I; s) +A d (m; r) for all
b meAand r; seB with 1 > s; m < r1; (23)
and p + A < 1. If there exist

(lp ; my) € (AxB)U(BxA) such that
lo<F (lg;1g), 719> F(rg,1y). Then there exist
(I, m) e (Ax B) U (B x A) such that the mapping
F: (AXB)U(BxA)-> AuBhas F(;rn =1
andF(r;)=r

COUPLED FIXED POINT THEOREMS IN PARTIALLY ORDERED BIPOLAR METRIC SPACES 8
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Theorem 2.6. Let (A, B, <) be a partially ordered
set and suppose that (A, B,d, <) is complete bipolar
metric spaces on (A, B) such that (A, B) has the
following postulate:;

(i) If a non-decreasing  sequence
L.}, {r,H~Ithen (1, )<l vn
(i) If a non-decreasing sequence

({m.}, {L,H)—-rthenr <(r;,, L,) ¥n

Let F: (AXx B, Bx A) 3 (A; B) be a covariant
mapping having the mixed monotone property on
(A, B) and p, A be a non —negative constants with
satisfying the  condition of covariant mapping
d(F (I;1); F(s; m)) < pud (1; s) +A d (m; r) for all
L meAandr, seB with 1 > s; m <r; (24)
andu +A<1.1f(Iy;1r9) € (AXB)U(BXA)

Such that [, < F (I ; rg), 19 = F(rg,1y ). Then there
exist (I; r) € (A x B) U ( B x A) such that

F:(AXxB)U (BxA)—> AUBhas
F(bn=LandF(r;)=r.
Corollary 3: Let

F: (Ax B, Bx A) 3 (A; B) be a covariant map. If
F is a continuous mapping having the mixed
monotone property on (A; B) and p € [0, 1) with
satisfying the condition of covariant mapping
d(F (0 F (s m)) <2 ( +‘31((1r‘nf)r)) for all
L meAandr; seB with1>s; m<r. (25)
Ifthereis (I ;rg) E(AX B) U (B X A)

such that I, < F (lp ; rg), 1o > (19,1p ).
Then there exist (I; r) € (A X B) U (B x A) such
that F: (AXxB)u(BxA4)—» A U B has
F(b=lLandF(r;)=r.

Example 2.7: Let A = {U,(R)/U,(R) is upper
triangular matrices over R} and

B = {L,(R)/L,(R) is lower triangular matrices
over R} with the bipolar metri

d (P,Q) = Xlj=1Ipy-qy forall P = (pij)mxm €
U,(R)and Q = (qij)mxm € L,(R). On the set
(A, B), we consider the following relation:
(P, QQ€A*UB?* P < Q ©py; < q;where<is
usual ordering. Then clearly, (A, B, d) is a
complete bipolar metric space and (A, B, X)is
a partially ordered set. And (A, B) has the property
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as in Theorem (2.2). Let F: (42, B?) 3 (A, B) be
FP.Q=("1) v

5

defined as

P =(py),_,.» Q= (a5)_, )€ A*UB?. Then
obviously, F has the mixed monotone property,
also there exist Py = (0;) and

mXxm
Qo =

(1 )mxm such that
Oji+ 1

F((Oij )mxm' (Iij )mxm ): ( ]5 ])mxm

= (Oij )mxm

and

F((IU )mxm' (OU )mxm ): (@)mxm
= (Lij Jmxm

Taking (P = (p;)__ , Q= (qy)

mxm mxm)’

(R = (ri]-)mxm, S= (Sij)mxm) € A2 U B2 with
P> R and Qﬁ S, bij = Tij, qjj < Sij» we have

d(F(P. Q). F(R, 5))=d(*--1, 21
= % ij=1|(Pijtqij)- (rij+si)|
< % (s Iyl + Zios lay-syl )
<(d(P,R) +d(Q9))

Therefore, all the conditions of Corollary 1 holds
and (Opxm» Omxm) iS the coupled fixed point of F.

3 CONCLUSIONS

This paper presents some coupled fixed point
results by using weak contractive conditions
defined on bipolar metric space endowed with
partial order and suitable examples that supports
the main results.
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